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ATTITUDE DYNAMICS OF ON-ORBIT REFUELING
CONFIGURATIONS∗

Jing Pei† and Carlos M. Roithmayr‡

On-orbit refueling is a key enabling technology that will allow a significant in-
crease in the amount of payload mass delivered beyond low-Earth orbit. Despite
the potential benefits, there are numerous concerns regarding the operability and
scalability of this critical technology. This paper explores the attitude dynamics
of two docked spacecraft performing propellant transfer. A vector-dyadic equa-
tion is derived to account for the change over time in the mass distribution and
the position of the mass center of the stack and moving mass terms omitted in
previous literature. Subsequently, the result is applied to two SpaceX-inspired re-
fueling configurations to assess the relative magnitudes of the various terms in the
vector-dyadic equation in comparison to the gravity gradient torque.

INTRODUCTION

On-orbit refueling is a key enabling technology for delivering a significant amount of payload
beyond low-Earth orbit (LEO) for exploration of the solar system. The mass of an exploration ve-
hicle that can be delivered beyond LEO by a single heavy-lift launch vehicle is profoundly limited,
as one can see by examining the rocket equation (Ref. [1]). On-orbit refueling circumvents this
barrier by making it possible for the exploration vehicle to be launched at a fraction of the total
wet mass. Subsequently, propellant is launched on multiple refueling flights and transferred to the
exploration vehicle in LEO. While the performance benefits of on-orbit refueling are significant,
a substantial increase in mission complexity cannot be overlooked. There are many concerns re-
garding operational reliability and logistics such as launch delays, failures, maintenance, propellant
boil-off, rendezvous proximity operations and docking challenges (Ref. [2]). In order to mitigate
the aforementioned risks, the NASA Tipping Point Program has awarded contracts to four industry
partners for maturation of in-space propellant transfer technology as discussed in Refs. [3] and [4].
Figure 1 is an illustration of the SpaceX Starship Tail-to-Tail refueling configuration concept (Ref.
[5]).

References [6] and [7] explore a list of enabling technologies necessary for on-orbit cryogenic
propellant transfer. Propellant transfer can result in rapid changes in the stack mass distribution and
center of mass position. For performing analysis of attitude dynamics and control it is important to
assess the magnitude of the disturbance caused by propellant transfer and compare it to the typical
on-orbit environmental disturbance torques, namely, gravity-gradient, aerodynamic drag, and solar
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Figure 1. SpaceX Starship Tail-Tail Refueling Concept [5].

radiation pressure. To the best of the authors’ knowledge, Refs. [8] and [9] are the only papers in
the open literature that attempt to describe the detailed vehicle attitude dynamics during propellant
transfer. Their approach is to modify Euler’s rotational equations of motion for a rigid body by
permitting the moments and products of inertia to vary with time. A rigorous application of the
angular momentum principle, however, shows that this approach is flawed. As will be seen in
what follows, terms have been incorrectly omitted from the system angular momentum and its time
derivative in Refs. [8] and [9]. The purpose of this paper is to provide a corrected set of attitude
dynamics equations so that control system engineers have better insight into the evolution of vehicle
dynamics throughout the propellant transfer process and to enable design of a controller that will
meet system requirements such as pointing error and minimization of propellant usage.

The remainder of the paper consists of three sections. In the first of these, the angular momentum
principle is employed to obtain a vector-dyadic equation for the attitude dynamics of the dry portion
of the vehicle stack. In the second section the vector-dyadic equation is implemented in matrix form
and applied to the tail-tail and spine-spine on-orbit refueling concepts proposed by SpaceX (Ref.
[10]) as part of the Human Landing System (HLS) mission architecture. This marks the first time
propellant transfer between spacecraft of this size will be attempted. It is imperative that analyses
account for all of the relevant physics in the attitude motion. Notional parameters are used to assess
the magnitude of all terms in the attitude dynamics in comparison to gravity gradient torque for both
refueling configurations. Conclusions are presented in the final section.

DYNAMICS

The dynamic system of interest is modeled as a single rigid body, B, together with an even
number n of bodies C1, . . . , Cn, each of whose mass can vary with time but is otherwise regarded
as rigid; each such body has a single translational degree of freedom relative to B. The two vehicles
fixed to each other, with empty propellant tanks, are represented by B; their combined dry mass is
denoted by mB . As assumed in Ref. [8], Ci is a cylindrical tank containing propellant having mass
mi that can vary with time. Boil-off and leakage are neglected, so that the total propellant mass
in the system does not change as it is transferred between tanks. Sloshing is ignored; the liquid is
assumed to occupy a cylindrical volume whose height changes as the propellant is transferred.

The angular momentum in an inertial reference frame, N , of the system S with respect to the
system mass center S⋆ is denoted by NHS/S⋆

and can be referred to simply as the central angular
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momentum of S in N . The angular momentum principle, expressed as

NdNHS/S⋆

dt
= M (1)

states that the time derivative in N , denoted by Nd/dt, of NHS/S⋆
is equal to the resultant moment

M about S⋆ of the external forces applied to S.

The central angular momentum of S in N can be expressed as

NHS/S⋆
= IB/B⋆ · NωB +mB rS

⋆B⋆ × NvB⋆
+

n∑
i=1

(
ICi/C

⋆
i · Nω Ci +mi r

S⋆C⋆
i × NvC⋆

i

)
(2)

where NωB is the angular velocity of B in N , rS
⋆B⋆

is the position vector from S⋆ to B⋆, the mass
center of B, NvB⋆

is the velocity of B⋆ in N , and IB/B⋆
is the inertia dyadic of B relative to B⋆,

or simply the central inertia dyadic of B. The terms in the sum are defined similarly. The velocity
NvC⋆

i of C⋆
i in N can be expressed as

NvC⋆
i = NvB⋆

+ NωB × rB
⋆C⋆

i + BvC⋆
i (i = 1, . . . , n) (3)

where rB
⋆C⋆

i is the position vector from B⋆ to C⋆
i , and the velocity BvC⋆

i of C⋆
i in B is the time

derivative in B of the position vector from a point fixed in B to C⋆
i (i = 1, . . . , n). The terms in

Eq. (2) that involve velocities can be written as

mB rS
⋆B⋆ × NvB⋆

+
n∑

i=1

mi r
S⋆C⋆

i × NvC⋆
i

=

(
mB rS

⋆B⋆
+

n∑
i=1

mi r
S⋆C⋆

i

)
× NvB⋆

+
n∑

i=1

mi r
S⋆C⋆

i ×
(

NωB × rB
⋆C⋆

i + BvC⋆
i

)
=

n∑
i=1

mi r
S⋆C⋆

i ×
(

NωB × rB
⋆C⋆

i + BvC⋆
i

)
(4)

The term in parentheses that precedes NvB⋆
vanishes by virtue of the definition of the system mass

center. The term in Eq. (4) that involves NωB can be expressed as

n∑
i=1

mi r
S⋆C⋆

i ×
(

NωB × rB
⋆C⋆

i

)
=

n∑
i=1

mi r
S⋆C⋆

i ×
[
NωB ×

(
rB

⋆S⋆
+ rS

⋆C⋆
i

)]
(5)

Now, in view of Eqs. (3.5.31) and (3.6.9) of Ref. [11],

mi r
S⋆C⋆

i ×
(

NωB × rS
⋆C⋆

i

)
= mi

[
U
(
rS

⋆C⋆
i · rS⋆C⋆

i

)
− rS

⋆C⋆
i rS

⋆C⋆
i

]
· NωB

△
= IC

⋆
i /S

⋆ · NωB (i = 1, . . . , n) (6)

where U is the unit dyadic. IC
⋆
i /S

⋆
is the inertia dyadic relative to S⋆ of a (fictitious) particle of

mass mi placed at C⋆
i (Ref. [11], p. 70); in other words, IC

⋆
i /S

⋆
is a parallel axis term that, when

added to ICi/C
⋆
i , yields the inertia dyadic ICi/S

⋆
of Ci relative to S⋆.

ICi/S
⋆
= ICi/C

⋆
i + IC

⋆
i /S

⋆
(i = 1, . . . , n) (7)
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The term on the right-hand side of Eq. (5) that has not yet been dealt with can be developed by
appealing once more to the definition of the system mass center.

n∑
i=1

mi r
S⋆C⋆

i ×
(

NωB × rB
⋆S⋆
)
= −mBr

S⋆B⋆ ×
(

NωB × rB
⋆S⋆
)

= mBr
S⋆B⋆ ×

(
NωB × rS

⋆B⋆
)

= mB

[
U
(
rS

⋆B⋆ · rS⋆B⋆
)
− rS

⋆B⋆
rS

⋆B⋆
]
· NωB

△
= IB

⋆/S⋆ · NωB (8)

The inertia dyadic of S relative to S⋆ (the central inertia dyadic of S) can be expressed as

IS/S
⋆
= IB/B⋆

+ IB
⋆/S⋆

+

n∑
i=1

(
ICi/C

⋆
i + IC

⋆
i /S

⋆
)

(9)

Because body Ci can only translate relative to B, Nω Ci = NωB (i = 1, . . . , n). In that case,
substitution from Eqs. (4), (5), (6), (8), and (9) into Eq. (2) yields

NHS/S⋆
= IS/S

⋆ · NωB +
n∑

i=1

mi r
S⋆C⋆

i × BvC⋆
i (10)

The sum on the right-hand side of Eq. (10) appears to have been omitted by the authors of Refs.
[8] and [9]. Equation (1) of Ref. [8] is evidently reproduced by incorrectly neglecting the sum when
substituting from Eq. (10) into Eq. (1):

BdIS/S
⋆

dt
· NωB + IS/S

⋆ ·
BdNωB

dt
+ NωB ×

(
IS/S

⋆ · NωB
)
= M (11)

where Bd/dt indicates taking the time derivative in B. A correct vector-dyadic equation for attitude
dynamics must include the time derivative in N of the sum in Eq. (10).

BdIS/S
⋆

dt
· NωB + IS/S

⋆ ·
BdNωB

dt
+ NωB ×

(
IS/S

⋆ · NωB
)

+

n∑
i=1

[
.
mi r

S⋆C⋆
i × BvC⋆

i +mi

(
BdrS

⋆C⋆
i

dt
+ NωB × rS

⋆C⋆
i

)
× BvC⋆

i

+mi r
S⋆C⋆

i × B aC⋆
i +mi r

S⋆C⋆
i ×

(
NωB × BvC⋆

i

)]
= M

(12)

where the acceleration B aC⋆
i of C⋆

i in B is the time derivative in B of BvC⋆
i , and .

mi is the mass
flow rate of the ith tank. The contributions of the moving propellant to the attitude dynamics are
magnified if the fuel mass fraction and mass flow rates are both significant. It is worth noting that
terms in the sum vanish when certain vectors are parallel to each other. The time derivative in B of
IS/S

⋆
can be expressed as

BdIS/S
⋆

dt
= 0+

BdIB
⋆/S⋆

dt
+

n∑
i=1

(
BdICi/C

⋆
i

dt
+

BdIC
⋆
i /S

⋆

dt

)
(13)

where 0 is the zero dyadic.
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APPLICATION

In this section, terms in Eq. (12) are further developed for the tail-tail and spine-spine refueling
configurations (Ref. [10]). Subsequently, notional vehicle and propellant parameters are used to
assess the magnitudes of the terms in Eq. (12) for each configuration in comparison to gravity gra-
dient torque, assuming a 300 km circular refueling orbit with an inclination of 30 deg and refueling
duration of 90 minutes. To minimize propellant boiloff, a Sun pointing attitude is assumed for the
duration of the transfer process. For simplicity it is assumed that a single liquid oxygen (LoX) tank
is placed in the aft end of each vehicle, and the two vehicles have identical mass properties when
the tanks are empty; vehicle 1 starts out with the LoX tank fully filled, whereas vehicle 2 starts out
with the LoX tank empty.

Tail-Tail Configuration

B★ b1^

b2^

C1★ C2★

B

L1 L2

C2C1

Figure 2. Tail-Tail Concept

A schematic of the tail-tail configuration is shown in Fig. 2. The dashed lines represent the 100%
fill level of each tank and the shaded regions represent the volume of the liquid inside the tanks at
a given time. Position vectors from B⋆ to Ci

⋆, B⋆ to S⋆, and S⋆ to Ci
⋆ are presented in Eqs. (14)

through (16).

rB
⋆C⋆

1 = −L1/2b̂1 = − m1

2S2
b̂1

rB
⋆C⋆

2 = L2/2b̂1 =
m2

2S2
b̂1

(14)

rB
⋆S⋆

=
−m1L1 +m2L2

2mT
b̂1 =

−m2
1 +m2

2

2mTS2
b̂1

△
= λtb̂1 (15)

rS
⋆C⋆

1 =
(
− m1

2S2
− λt

)
b̂1

rS
⋆C⋆

2 =
(m2

2S2
− λt

)
b̂1

(16)
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where S2 = ρπR2, ρ is the density of the liquid, R is the radius of the tank, and mT = mB +∑n
i=1mi. Matrices associated with certain dyadics on the right-hand side of Eq. (9) are presented

in Eqs. (17) – (19). For example, the matrix elements on the right-hand side of Eq. (17) are the dot
products b̂r · IB

⋆/S⋆ · b̂s (r, s = 1, 2, 3). In the interest of brevity, matrices associated with IC2/C⋆
2

and IC
⋆
2/S

⋆
are not shown.

[I]B
⋆/S⋆

= mB

0 0 0
0 λ2

t 0
0 0 λ2

t

 (17)

[I]C1/C⋆
1 = m1

1
2R

2 0 0
0 1

12(3R
2 +m2

1/S
4) 0

0 0 1
12(3R

2 +m2
1/S

4)

 (18)

[I]C
⋆
1/S

⋆

= m1

0 0 0

0
[
m1/(2S

2) + λt

]2
0

0 0
[
m1/(2S

2) + λt

]2
 (19)

Equations (20) – (22) contain time derivatives of the matrix elements given in Eqs. (17) – (19),
respectively.

[.
I
]B⋆/S⋆

= 2mB

0 0 0

0 λt

.
λt 0

0 0 λt

.
λt

 (20)

[.
I
]C1/C⋆

1
=

−1
2

.
mR2 0 0
0 −1

4
.
m(R2 +m2

1/S
4) 0

0 0 −1
4

.
m(R2 +m2

1/S
4)

 (21)

[.
I
]C⋆

1/S
⋆

=

0 0 0
0 η 0
0 0 η

 (22)

where
.
λt and η are given in Eqs. (23) and (24):

.
λt =

.
m(−m1 +m2)

mTS2
(23)

η = 2m1

(m1

2S2
+ λt

)(
−

.
m

2S2
+

.
λt

)
− .
m
(m1

2S2
+ λt

)2
(24)

Spine-Spine Configuration

A schematic of the spine-spine configuration is shown in Fig. 3. Position vectors from B⋆ to Ci
⋆,

B⋆ to S⋆, and S⋆ to Ci
⋆ are presented in Eqs. (25) through (27).
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B★

C2 b1^

b2^

B

C1★
S★

C2★

C1

L1

L2
H

Figure 3. Spine-Spine Concept

rB
⋆C⋆

1 =
(
−H +

m1

2S2

)
b̂1 +Rb̂2

rB
⋆C⋆

2 =
(
−H +

m2

2S2

)
b̂1 −Rb̂2

(25)

rB
⋆S⋆

=

[
−H(m1 +m2)

mT
+

m2
1 +m2

2

2mTS2

]
b̂1 +

[
R(m1 −m2)

mT

]
b̂2

△
= λsb̂1 +

[
R(m1 −m2)

mT

]
b̂2

(26)

rS
⋆C⋆

1 =
(
−λs −H +

m1

2S2

)
b̂1 +

[
R− R(m1 −m2)

mT

]
b̂2

rS
⋆C⋆

2 =
(
−λs −H +

m2

2S2

)
b̂1 −

[
R+

R(m1 −m2)

mT

]
b̂2

(27)

Matrices associated with certain dyadics on the right-hand side of Eq. (9) are presented in Eqs.
(28) – (30), where γ1 = −λs −H +m1/(2S

2). In the interest of brevity, matrices associated with
IC2/C⋆

2 and IC
⋆
2/S

⋆
are not shown.

[I]B
⋆/S⋆

= mB


R2

m2
T
(m1 −m2)

2 −R
mT

(m1 −m2)λs 0

−R
mT

(m1 −m2)λs λ2
s 0

0 0 R2

m2
T
(m1 −m2)

2 + λ2
s

 (28)

[I]C1/C⋆
1 = m1

1
2R

2 0 0
0 1

12(3R
2 +m2

1/S
4) 0

0 0 1
12(3R

2 +m2
1/S

4)

 (29)
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[I]C
⋆
1/S

⋆

= m1


R2

m2
T
(2m2 +mB)

2 − R
mT

(2m2 +mB)γ1 0

− R
mT

(2m2 +mB)γ1 γ21 0

0 0 R2

m2
T
(2m2 +mB)

2 + γ21

 (30)

Time derivatives of the matrix elements given in Eqs. (28) – (30), respectively, are contained in
Eqs. (31) – (33), where

.
λs =

.
m(m2 −m1)/

(
mTS

2
)

and .
γ1 = −

.
λs −

.
m/
(
2S2

)
.

[.
I
]B⋆/S⋆

=


.
I
B⋆/S⋆

11

.
I
B⋆/S⋆

12 0
.
I
B⋆/S⋆

21 2mBλs

.
λs 0

0 0
.
I
B⋆/S⋆

33

 (31)

where

.
I
B⋆/S⋆

11 = −4mB
.
m

R2

m2
T

(m1 −m2)

.
I
B⋆/S⋆

12 = −mB
R

mT
[(m1 −m2)

.
λs − 2

.
mλs]

.
I
B⋆/S⋆

21 =
.
I
B⋆/S⋆

12

.
I
B⋆/S⋆

33 = −4mB
.
m

R2

m2
T

(m1 −m2) + 2mBλs

.
λs

[.
I
]C1/C⋆

1
=

−1
2

.
mR2 0 0
0 −1

4
.
m(R2 +m2

1/S
4) 0

0 0 −1
4

.
m(R2 +m2

1/S
4)

 (32)

[.
I
]C⋆

1/S
⋆

=


.
I
C⋆

1/S
⋆

11

.
I
C⋆

1/S
⋆

12 0
.
I
C⋆

1/S
⋆

21

.
I
C⋆

1/S
⋆

22 0

0 0
.
I
C⋆

1/S
⋆

33

 (33)

where

.
I
C⋆

1/S
⋆

11 =
.
m

R2

m2
T

[
4m1(2m2 +mB)− (2m2 +mB)

2
]

.
I
C⋆

1/S
⋆

12 = m1

{
− R

mT

[ .
γ1(2m2 +mB) + 2

.
mγ1

]}
+

R

mT

[ .
mγ1(2m2 +mB)

]
.
I
C⋆

1/S
⋆

21 =
.
I
C⋆

1/S
⋆

12
.
I
C⋆

1/S
⋆

22 = 2m1γ1
.
γ1 −

.
mγ21

.
I
C⋆

1/S
⋆

33 =
.
I
C⋆

1/S
⋆

11 +
.
I
C⋆

1/S
⋆

22
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Numerical Results

Parameters for the single vehicle are provided in Table 1 and Eq. (34). For a 90-minute refueling
duration, .

m is approximately 185 kg/s. A fictitious future date was selected such that the desired
Sun-pointing attitude can be determined. For completeness, a vector-dyadic expression for gravity
gradient torque is provided in Eq. (35), where Rc is the position vector from the center of the Earth
to S⋆, G is the universal gravitational constant, and me is the mass of the Earth. One may refer to
Eq. (2.6.3) of Ref. [12] or Eq. (4.132) of Ref. [13].

Table 1. System Parameters

Parameter Value
mB 1.2× 105 kg
R 4.5 m
H 14 m
ρ 1141 kg/m3

[I]B/B⋆

=

 2.02× 106 1.2× 104 −6.9× 104

1.2× 104 2.8× 107 1.03× 105

−6.9× 104 1.03× 105 2.8× 107

 kg-m2 (34)

MG =
3Gme

R5
c

Rc × IS/S
⋆ · Rc (35)

Figure 4 shows the b̂1 component of the relevant position vectors for the tail-tail configuration. A
near 12 m shift in the axial position of the center of mass is predicted. For reference, the total length
of a single vehicle is 45 m. Time histories of the central inertia matrix elements of S are shown in
Fig. 5. Due to the axisymmetric nature of the configuration, only the 22 and 33 elements of [I]S/S

⋆

vary with time. Note that the placement of the plots in Fig. 5 corresponds to the placement of the
elements in the central inertia matrix.

Components of Eq. (12) in the b̂1, b̂2, and b̂3 directions, respectively, are shown in Fig. 6 along
with the expected gravity gradient torque. The first three terms represent the typical Euler’s equation
with time-varying inertia; T1 through T4 represent the four terms inside the sum in Eq. (12) due to
moving propellant. For the tail-tail configuration, all the terms in the sum of Eq. (12) vanish because
certain vectors involved in the cross products are parallel. Furthermore, the third term inside the
brackets, mi r

S⋆C⋆
i × B aC⋆

i , is generally zero because a constant mass flow rate is desired. The
terms in the typical Euler’s equation also vanish because an inertial pointing attitude is prescribed,
hence NωB = 0 and BdNωB/dt = 0. Gravity gradient is the sole surviving component of Eq.
(12). A slightly more interesting result is presented in Fig. 7 as the vehicle is prescribed to follow a
constant 0.028 deg/s slew profile about b̂2. b̂2 components of Eq. (12) are shown (and magnified)
to illustrate the second and fourth terms in the sum of Eq. (12) and

.
Iω are non-zero. However, these

are still small in comparison to the I
.
ω and gravity gradient terms for the assumed conditions.
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Figure 4. b̂1 Component of the Position Vectors: Tail-Tail Configuration

Figure 5. Central Inertia Matrix Elements of S, [I]S/S
⋆

: Tail-Tail Configuration
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Figure 6. Components of Terms in Eq. (12), Sun-pointing: Tail-Tail Configuration

Figure 7. b̂2 Components of Eq. (12), slew maneuver about b̂2: Tail-Tail Configuration
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Figure 8 shows the b̂1 and b̂2 components of the relevant position vectors for the spine-spine
configuration. The absolute value of b̂1 component of rB

⋆/S⋆
is at its maximum at the midway point

of the transfer while a shift in S⋆ of approximately 8 m parallel to b̂2 is predicted. Time histories of
the central matrix elements of S are shown in Fig. 9. Due to the lateral shift in the center of mass
during the transfer, only the 23 and 32 elements of [I]S/S

⋆

are non-zero. Components of Eq. (12)
in the b̂1, b̂2, and b̂3 directions, respectively, are shown in Fig. 10 along with the expected gravity
gradient torque. Unlike the tail-tail configuration, the b̂3 component of the first and second terms in
the sum of Eq. (12) are non-zero, albeit small compared to gravity gradient.

Figure 8. Components of the Position Vectors Parallel to b̂1 and b̂2: Spine-Spine Configuration
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Figure 9. Central Inertia Matrix Elements of S, [I]S/S
⋆

: Spine-Spine Configuration

Figure 10. Components of Terms in Eq. (12), Sun-pointing: Spine-Spine Configuration
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CONCLUSION

As demand for increasing payload capability beyond low-Earth orbit grows, mastery of on-orbit
refueling becomes essential. A vector-dyadic equation is derived from first principles to study the
attitude dynamics of two docked spacecraft performing propellant transfer. The complete equation
accounts for the change over time in the stack’s mass distribution, position of the center of mass, and
terms associated with moving mass. In contrast to previous attempts, the current derivation includes
the contributions of relative velocities and accelerations of the propellant masses to the time rate of
change in angular momentum about the system mass center. The contributions of these effects to the
attitude dynamics are magnified if the fuel mass fraction and mass flow rates are both significant.
The result is applied to two SpaceX-inspired refueling configurations, tail-to-tail and spine-to-spine,
to assess the relative magnitudes of the various terms in the vector-dyadic equation in comparison
to the gravity gradient torque while assuming a Sun-pointing attitude. For the assumed vehicle and
propellant transfer parameters the terms in the attitude equation are small in comparison to gravity
gradient torque.
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